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A Generalized Model for Coupled Lines and its
Applications to Two-Layer Planar Circuits

Chih-ming Tsai and Kuldip C. Gupta, Fellow, IEEE

Abstract—A generalized network model for asymmetrical and
inhomogeneous coupled lines has been derived based on normal
mode parameters. This model is useful for synthesis of single
and multi-layer coupled-line circuits, such as planar baluns and
directional couplers. The synthesis procedures are described
and have been verified by comparing with analysis results.

I. INTRODUCTION

uNIFORMLY coupled lines are widely used in filters,
couplers and impedance matching networks at micro-

wave frequencies. Analysis techniques for coupled lines
have been reported extensively [1]-[4]. For synthesis of
components using coupled lines, network models are
needed. Several four-port network models have been re-
ported [5], [6]. A network model of coupled lines in a
homogeneous medium has been derived by Malherbe us-
ing capacitance matrices and its applications for network
synthesis have been reported [5]. However, this model is
not valid for coupled lines in an inhomogeneous medium
where phase velocities of the two modes are not equal. In
inhomogeneous media, not only the capacitance matrix
but also the inductance matrix of coupled lines is needed
for the derivation of network models. Another model has
been proposed by Chang and Lee for inhomogeneous lines
in the cases where the congruence condition is satisfied
[6]. This condition is not generally true for two-layer cir-
cuits. Therefore, for the synthesis of general coupled-line
circuits, a new network model is needed which does not
make assumptions of congruence or homogeneity.

This paper presents a derivation of such a generalized
network model for coupled lines. The derivation is based
on the four-port impedance or admittance matrix which
could be found by using normal mode parameters [4]. The
final four-port network representation can be simplified
for two-port coupled-line components by applying differ-
ent termination conditions on the other two ports. These
two-port equivalent networks are useful in the synthesis
of two-port coupled-line circuits (like filters).

The four-port model reported in this paper has been
used for the synthesis of a planar balun circuit [11]. By
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using this model for planar balun, a useful synthesis pro-
cedure has been developed. An example is presented and
the results are verified by comparing with the direct anal-
ysis of the circuit.

Also, the proposed model has been used in the design
of directional couplers [12], [13]. The conditions for a
directional coupler with an infinite directivity or perfect
match are given. General design equations are given for
a directional coupler with specified input impedances and
coupling. The final circuit can then be synthesized based
on the normal mode parameters given by the design equa-
tions. Since the solutions are not unique, the designers
have the freedom to choose between single or multi-layer
and symmetrical or asymmetrical geometries. An exam-
ple of two-layer directional coupler is included. Again,
the design procedure is verified by comparing with anal-
ysis results.

II. GENERALIZED COUPLED-LINE MODELS

A. Z-Matrix Based on Normal Mode Parameters

The characteristic parameters for the general case of an
inhomogeneous, asymmetrical, uniformly coupled lines
can be derived by solving the generalized coupled-trans-
mission-line equations. Thus, coupled lines (Fig. 1) could
be characterized by two modes (c mode and T mode) us-
ing normal mode parameters [4]. These parameters are
the phase velocities (v, and v.), the ratios of the voltage
on the conductor 2 to the voltage on the conductor 1 (&
and l?.) and the line impedances (Zcl, Zc~, 271 and 2.2).
If the coupled lines are symmetrical, the two modes cor-
respond to the even and odd modes of excitation (l/C = 1,
RT = – 1). For the homogeneous case, the two modes
have the same phase velocity and therefore are not
uniquely defined. One of the possible mode definitions in
the homogeneous case is given in [12]. Generally, the
normal mode parameters can be obtained directly from
capacitance and inductance matrices. The Z-matrix for a

section of two coupled lines in terms of these normal pa-

rameters is shown in Table I, where -yC and -yT are the

propagation constants for the two modes of the coupled

lines.

B. Network Model for a Section of .Coupled Lines

Every element in the Z-matrix of TaWle I is a sum of
two terms. The first one depends on the electrical length
for c mode only and the other depends on the electrical
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CONDUCTOR 2

4~3

CONDUCTOR 1

Fig, 1. Schematic ofasection ofuniformly conpled lines.

TABLE I
Z-MATRIX FOR A SEc’rIoiw OF COUPLED LINES
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length for m mode only. This Z-matrix can be separated
into a sum of two matrices such that the elements in each
one of them depend only on either OCor 0., the electrical
lengths for the two modes. Each of these two matrices can
be modeled by using one transmission line section and
two transformers as shown in Fig. 2.

In this network (Fig. 2), the ideal transmission line sec-
tion has its electrical length specified by one of the two
modes and its line impedance depends on the character-
istic impedance of that mode only. The turns ratio values
for the two transformers are the ratio of voltages on the
two conductors of the “coupled lines for that mode. The
second part of Z-matrix (Table I) is modeled by a similar
network with RC, R., ZCI, and (3Creplaced by R=, RC, Z.,
and 19r,respectively.

The final four-port network model for a coupled-line
section is found by connecting these two networks in se-
ries. The result is shown in Fig. 3. If a Y-matrix repre-
sentation is used instead of Z-matrix for the derivation of
network model, another equivalent model (Fig. 4) can be
derived by using a similar procedure. These two models
are exact models of general uniformly coupled lines and
they are equivalent to each other. These four-port models
for coupled lines are useful for the synthesis of coupled-
line circuits and their applications in the designs of planar
baluns and directional couplers are given in Sections III
and IV.

C. Two-Port Network Models for Coupled-Line Sections

By application of different port conditions to the four-
port models, the equivalent circuits of a large variety of
coupled-line two-port structures (Fig. 5) can be obtained.
Only six configurations are shown here. Similar models
may be derived for other two-port coupled-line compo-
nents. Some of these two-port models are of the same
forms as those obtained by using matrix characterization

Fig. 2. Network model for the first part of Z-matrix in Table I. Block A is
an ideal transmission line section with electrical length 6=and characteristic
impedance Z=, /(1 - Rc/Rr).

Fig. 3. Network model for general coupled lines, based on the Z-matrix

Fig. 4. Network model for general coupled lines, based on the Y-matrix.

of the two-port circuits [7]. However, we note that models
for configurations (c) and (f) in Fig. 5 are different from
those given in [7]. The corresponding two models in [7]
make use of Richards transform with the inherent as-
sumption that the two electrical lengths 19Cand 13.are equal
at the frequent y the model is derived. Thus, the models
derived in the present paper are more accurate when 8C
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Fig, 6. (a) Three dimensional view of the planar balun; port 1 is the un-
balanced port and terminals 2 & 3 constitute the balanced port, (b) the
sectional view, and (c) the equivalent transmission line circuit,

and 19.are not equal. Also, Zysman and Johnson [1] have
reported models for similar two-port configurations for the
case of symmetrical coupled lines. The more general
models reported here reduce to their models for the case
of symmetrical lines.
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III. SYNTHESISOF PLANAR MARCHANDBALUN

A. Modeling of Planar Marchand Balun

The new four-port network model of coupled lines has
been used for designing a two-layer monolithic balun con-
figuration (Fig. 6) described in [11]. The unbalanced in-
put of this balun is at terminal 1 fed by a microstrip at the
upper matallization level. The balanced output is at ter-
minals 2 and 3 at the lower metallization level. This kind
of balun structure is similar but different from Marchand
balun [8] in that the transmission line sections in different
layers are not isolated from each other. The circuit could
be viewed as the connection of two coupled-line sections
(A and B in Fig. 6(a)). By using the new network model
derived in Section II (the lower conductor and the upper
conductor in Fig. 6 correspond to the conductor 1 and the
conductor 2 respectively, in Fig. 1), the network repre-
sentation of this planar balun is shown in Fig. 7. This
network is reconfigurated by using network theory and ex-
pressed as shown in Fig. 8. This model may be compared
with the equivalent circuit of the original Marchand balun
[8]. We note that in this equivalent circuit of the planar
balun, the transmission line sections have different elec-
trical lengths, which is due to the inhomogeneity of the
configuration, whereas in the equivalent circuit of Mar-
chand balun they have the same electrical length. Another
difference is that, in the planar balun, the transformers TI,
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Fig.7. Network model of theplanarbalun. ZC = ZC2(1 – R=/RC), Z= =
Zml?:(l –Rm/Rc).

1 3

2

Fig. 8. Another equivalent circuit of theplanarbalun.

Tz, T3 and TAin the equivalent circuit represent coupling
between transmission line sections.

B. Synthesis Procedure

If the geornet~ of coupled lines is chosen such that R.

= 1, the transformers T5 and T6 in the equivalent network
become 1:1 transformers and can be replaced by through
connections. Also, when RC is large, the other trans-
formers can be replaced by the corresponding connections
shown in Fig. 9. This results in a network like the equiv-
alent circuit of the original Marchand balun (Fig. 9),
which is more suitable for implementation of the synthe-
sis procedure. In this figure, another transmission line
section (Z~, OS)is included which corresponds to the planar
line at the balanced output port. To carry out synthesis
based on network in Fig. 9, it is convenient to assume
that all transmission line sections have equal electrical
lengths so that the Richards’ transform can be used. In a
typical case discussed later, we note that there may be
about 20% difference in the electrical lengths. However,
as the example shows, the procedure developed is useful
even in such a case. The synthesis procedures for such a
network configuration are available in [9], [10].

C. Design Example

As an example, a two-layer planar balun with band-
width of 4 to 24 GHz, the unbalanced input impedance of
250 and the balanced output impedance of 50 Q, has been
designed using 6 mil GaAs (e, = 12.9) substrate with a

Fig. 9. Simplified model of the planar balun.

nitride (~.
is synthe-

second dielectriclayerof 1.8 pm thick silicon

= 7.0). The network model shown in Fig. 9

sizedby using the graphs given in [10],which are based

on the synthesisprocedure given by Horton and Wenzel

[9]. The elements values are obtained from the graph for
the fourth order balun with 50 Q source resistance and
then scaled down to one half for 25 0 input impedance.
This method yields: ,

z~2,,4 = 310

z C2, B =15!2

z~ =’ 390

These parameters are used to design the coupled-line sec-
tions and the results are:

Coupled Lines A

WI = 160 pm

w* = 10 pm

zc2=29~,

27, = 41 Q

RC = 41.78

R. = 0.98

Coupled Lines B

WI = 160 pm

Wz = 20 pm

zc~ = 15 Q

ZT, = 40 (l

RC = 18.60

RT = 0.98

Vc = 1.28 x 108 m/s VC= 1.24 x 108 m/s

VT = 1.02 X 108 m/s v. = 1.02 X 108 m/s

where W1 and W2are the line widths of the lower and the
upper conductors, respectively. The length of each pair
of coupled lines is determined by using the average value
of the phase velocities for c mode and m mode and is
quarter wavelength at 14 GHz. We note that, for both of
the coupled lines A and B, R. = 1 and R, is large. This
justifies the use of approximation made in implementation
of the synthesis procedure.

The ideal responses of this balun are shown in Figs. 10
and 11. These results are based on following assump-
tions: (i) the propagation modes for each coupled line are
quasi-TEM modes, (ii) there are no dielectric and ohmic
losses, (iii) the electrical lengths for all transmission line
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Fig. 11. Insertion loss for the synthesized and Ideal baluns.
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Fig. 12. Amplitude and phase unbalance at the output (balanced) port for
the synthesized balun.

sectionsare equal, (iv)the transmission line formed by

upper two conductors isisolatedfrom the lineformed by

lower conductors and ground plane.Also, the variousdis-

continuityreactance are not included. The responses of

the synthesized circuitwithout the assumptions (iii)and

(iv),based on the model in Fig. 8, are also shown as ~1~,

~21 and &~ in these figuresfor comparisons. The ampli-

tude and phase atthe two terminalsof the balanced output

port are compared in Fig. 12. Itshould be noted thatdi-

electricand ohmic losses could be incorporated in the

analysisby using complex phase constantfor each trans-

mission linesection.

From these results,we note thatthe simplificationsin

the synthesisprocedures (assuming R= = 1, R= large and
equal electrical lengths for all of the transmission line sec-
tions) yield a network with slightly (about 10%) lower
bandwidth than the ideal design. Still, the suggested pro-
cedure provides a useful synthesis method.

IV. DESIGNOF DIRECTIONALCOUPLER

The design of directional couplers using symmetrical
coupled lines is reported in [12]. For the homogeneous
case, directional couplers using asymmetrical coupled
transmission lines are also reported [13]. Using the new
model of coupled lines in this paper, the properties of di-
rectional couplers using asymmetrical coupled lines in an
inhomogeneous medium are investigated. A synthesis ap-
proach for general coupled-line directional couplers is also
presented.

A. Condition for Infinite Directivity

Assume that the coupled-line section is terminated by
impedances 201 at port 1 and port 2 and by impedances
202 at port 3 and port 4. It is shown in Appendix I that for
perfect isolation (Sql = O), the coupler needs to satisfy
the following equation:

(Z(),Z()2ZC,– RCRTZ.lZ%,) tan Or

= (ZOIZOZZ.l– RcR7Z7,Z~1) tan 13c (1)

If the coupled lines are symmetrical and homogeneous
(i.e.,R, = 1, R. = –1 and 19C= t9~),then (1)issimplified

as 201202 = ZCIZT1and this is the only condition needed
to be satisfied for perfect isolation at all frequencies.
However, if the two modes of the coupled lines have dif-
ferent phase velocities, the isolation of this coupler de-
pends on frequencies. It should be noted that if the aver-
age value of the two mode phase velocities is used as the
phase velocity in the coupler design, at the frequency
where the length of the coupler is quarter wavelength, tan
19c= – tan (3. (note that one of 6= and O. is greater than
m/2). This will reduce the equation (1) to ZOIZOZ=
RcRrZCIZrl. Since generally the value of RCRr is nega-
tive,the conditionfor perfectisolationisnot possibleat

the design frequency. However, as shown in an example

later,good isolationcan be obtained near the design fre-

quency.

B. Conditions for Perfect Isolation and Perfect .Match

It is shown in Appendix II that for perfect isolation and
perfect match, the coupler needs to satisfy following two
equations:

(2)

J-%2 = R: R:zC1zml ‘IR’IZC1 + .lR&J
(IR,I% + lR~l%)

(3)

It should be noted that these two equations are the exact”
solutions for the homogeneous cases and they are the ap-
proximate solutions in the inhomogeneous cases under the
assumptions of ZT1,C1tan O..C >> 201 and 201 tan 19m,C
>> Z.l,.,. The coupling from port 1 to port 4 is found to
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J Pw(% -Ll)’
(4)

“’ = (IRJZT, + lRT\.zc,)(p?cpc, + piJZd)”

Equations (2) to (4)maybe used forthedesign of in-
homogeneous, asymmetric couplers (including two-layer
couplers). So far, the matching impedances for an asym-
metrical coupled-line directional coupler have been deter-
mined by computer iterations [14], [15]. For this iterative
procedure, one starts with terminating impedances ZO1=’
= and ZO, = =. First, ZOI is optimized for
minimum reflection at port 1 at the design frequency by
keeping ZOZfixed. Then, ZO1is fixed to this new value,
the new ZOZis found such that the reflection at port 4 is a
minimum. This process is repeated until the reflection
coefficients at all ports are minimized. Based on the work
reported here, these terminating impedances can be de-
termined directly using analytic solutions (2) and (3). As
an example, the equations are used to determine the
matched loads for a two-layer coupled-line directional
coupler with the normal mode parameters as

RC = 0.8359,

Rx = –3.153’7,

ZC1= 85.29 !J, and

Z~l = 10.29 !2.

The port terminating impedances are obtained as

Zol = 48.46 !J and

zo~ = 47.740

and the value of coupling in this case is

Sdl = –2.88 dB.

These values of ZOl and ZOZare the same as the final
results of the computer iterations [14].

C. Synthesis Procedure

When the termination impedances (ZOIand ZOZ)and the
coupling (S41) of a coupler are given, the normal mode
parameters are determined by the following equations
(these equations are derived from (33)-(37) in Appendix
II, for the case when RCis positive and R. is negative):

(5)

ra(l + b) ~
(7)ZC1=G1 (l+a)
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Fig. 14. Match and isolation of the synthesized 3-dB coupler.

(8)

where the parameters a and b determine the coupling as

S;l =
(da - 1)2

(1 + a)(l ‘+ b)”
(9)

When S41 is given, the choices of parameters a and b
are not unique. The different combinations of parameters
a and b will result in different possible geometries of the
coupler. For the special case of symmetrical couplers, pa-
rameters a and b are equal. As an example, let us consider
the design of a 3-dB two-layer coupler with input imped-
ances 500 at all four ports. The value of parameter a is
found by carrying out iterative computations until a phys-
ically realizable geometry is obtained, One such value of
parameter a is 30. Then parameter b is found to be 2.1 by
using (9). The normal mode parameters are calculated us-
ing (5) to (8), the results are:

RC = 0.84

R. = –3.16 ~

Z.l = 86:650

These normal mode parameters are realized on a 6 mil
GaAs substrate with a second dielectric layer of 1,8 pm
thick silicon nitride. The line widths are 30 ~m and 37
pm for the lower and the upper conductors, respectively.
The horizontal distance between these two lines is 29 pm
as shown in Fig. 13. The analysis results justify this syn-
thesis procedure and are shown in Figs. 14 and 15. “We
note that a 3-dB coupler with good performance (more
than 30 dB isolation and input match) can be designed
using this method.
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Fig. 15. Coupling and insertion loss of the synthesized 3-dB coupler. ~

V. CONCLUDING REMARKS

A new model for generalized uniformly coupled trans-
mission lines in an inhomogeneous medium is derived.
The model is useful for various planar coupled-line cir-
cuits. In this paper, the model has been successfully used
for synthesis of two-layer monolithic planar baluns for
which no synthesis procedure has been available so far.
Also, the model has been used for the design of asym-
metrical couplers in an inhomogeneous medium and the
design equations are given. The modeling approach dis-
cussed in this paper is also applicable to other (two-layer)
planar circuits such as re-entrant type couplers, Lange
couplers and three-line bahtn configurations.

This paper has focused on synthesis procedures to yield
normal model parameters of mttlticonductor transmission
lines for a given bah.tn or coupler performance. The prob-
lem of finding actual physical dimensions to yield these
normal mode parameters has not been addressed here. A
geometry synthesis procedure (based on iterative analy-
sis) for this purpose is being developed currently.

APPENDIX I

DERIVATION OF THE CONDITION FOR PERFECT

ISOLATION

Assume that the port 4 is terminated by a load 202 (Fig.
16) and the parameters 21 and Zz are defined as:

v, V,Z02
21=.—

R. 14 = R. (RrV1 + R, V2)
(lo)

and

J“2 = v~zoz .
z2=——

R’ z~ Rc(Rmv, + i?cvJ ‘
(11)

then, the network model can be simplified as shown in
Fig. 17. Similarly, we terminate the port 3 by a load 202
and define 23 and 24 as

V3 202
.Z3 G

R. (RTV3 + R, V4)

and

V4 zo~
.Z4 =

RC(R.V~ + RCV4)“

(12)

(13)

Fig. 16. Coupled hne model with load Z02 at port 4.

Fig. 17. Simplified model with two transformers and the load at port 4
replaced by Z1 and Z2.

Fig. 18. Simplified model. All the transformers and loads at port 3 and
port 4 are replaced by .ZI, L, Zj and Zq.

The two-port equivalent circuit of the coupled lines with
port 3 and port 4 terminated as mentioned above is shown
in Fig. 18. It should be noted that the impedance param-
eters 21, 22, 23 and 24 used in the above network are func-
tions of V1, V2, V3 and V4. The voltages at four ports are

Port 1: v, + v?

Port 2: v~ + V4

Port 3: R.V3 + RCVq

Port 4: R.V1 + RCVZ

Now, forgood isolation(&l = O),we requirethe voltage

atport 3 to be zero, i.e.

RrV~ + RCV4 = O. (14)

This implies that the impedances 23 and 24 should be in-
finite. If the port 2 is terminated by load 2.,, the equiva-
lent circuit reduces to the one shown in Fig. 19. By using
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Fig. 19. Simplified model. Components Z3and Z4havebeen removed due
tothecondition of perfect isolation (S31 = O).

Kirchhoffs voltage law at the right hand side of the equiv-
alent circuit, we have another equation as following:

Using (14) and (15), we find the equivalent load imped-
ances for the two transmission line sections in the above
network as

and

(16)

(17)

Here, Z. and Z~ are not functions of V,, V2, V3 and V4.
This is the result of imposing the condition that the volt-
age at port 3 is zero. The equivalent circuit is then as the
one shown in Fig. 20. Now, we define Zi~ and ZiCas the
input impedances looking into the transmission line from
the left hand side of the transmission line sections. We
have

and

()&ZI 201 + jZCl tan 0,
Zi~ =

R. – R, ZC1 + jZOl tan 19j”
(19)

Also, the voltages VI, Vz, V3 and V~ are related by trans-
mission line equations and by using Kirchhoffs current
law, we have

v~ V4(Zol + jZCl tan f3C)= .%//2,.
E’

(20)
V3(&l + jZ.l tan 0.) Z, //Zi.

where (Z2 //2,,) denotes the parallel combination of two
impedances Z2 and Z,.. For perfect isolation, Vs and V4
are related as in (14). So, (20) could be solved to get:

(z~~z~zzc, – RCRXZCIZ~l) tan 0.

= (201202%1 – RC~T-%ZgI) tan e. (21)

which is the condition for infiniteisolationin a general

non-symmetrical inhomogeneous directionalcoupler.

1++

Za

Zb

Fig. 20. Simplified model. The load at port 2 (Zol) is separated as two
impedances Z. and Zb.

APPENDIX II

DERIVATION OF THE CONDITIONS FOR PERFECT MATCH

AND PERFECT ISOLATION

For perfect match at port 1 (S1~ = O), we require

ZOI = Z~//Zir + Z~//Z~~ (22)

By solving (20) and (22), Zi~ and ZiCcan be expressed as

V, Z0,Z02
2,X = ——

202 (V1 +- V2) – ZolR~ (RrV1 + RCV2)
(23)

and

J“2Z01Z02Zi~ = ‘—
202(Vl -t V2) – ZOIRC(RrVi + RCVZ)

(24)

Equations (18), (19), (23) and (24) are used to find the
following equations

()RCZT1 201 + jZT[ tan 6=

RC – R. Z*I + jZol tan 67

v~zo~zoz
—

202 (Vl + V2) – ZolRr (RZV, + RCV2)
(25)

and

()

R~,~ 201 + jZCl tan t3C

R, – RC Zcl + jZol tan 19C

v~zo,zoz
—

202(Vl + V2) – ZOIRC(RTV1+ RCV2)
(26)

If tan 0. and tan 0, are large so that 2=,,., tan em,. >>201
and 201 tan 6W.C >> Zml,c1, (25) and (26) can be further
simplified as

RC

(-)

-% = -Z01Z02

R, – R. 201 Zoz(1 + a) – RrZol (R= + RCa)

(27)

and

(-)

R. 2:1 a 201202

Rx – RC 201 = 202(1 + a) – Z?CZOI(Rm + RCa)

(28)

where parameter a is the ratio of V2and VI, i.e. the ratio
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of c mode and r mode voltages at port 1 (including the
forward and reflected waves). These two equations are
used to write 201 and 202 in terms of normal mode param-
eters and the parameter a as follows:

(29)

Equations (29) and (30) are derived from the requirements
of S31 = O and S1l = O. For a perfect coupler, we still
need the conditions S24 = O and S44 = O to be met. This
gives us another two equations, namely:

2;2 =
(1 + b) R: R: Z:lZ:l

Z:l + bZ~l
(31)

and

RXRC(RC + Rmb)Z:lZ~l
2(3,202 =

R 221 + bRrZ;l
(32)

cc

where parameter b is defined as the ratio of c mode volt-
ages at port 4 (including the forward and reflected waves).
Equations (29), (30), (31) and (32) are used to solve for
four unknowns: a, b, 201 and 202. The solutions are:

Rw Zc,——
a= RCZ*1 (33)

(34)

(35)

ZO* =

J

R: R: ZCIZrl (IR.I-% + lR~lZrrl)
(lRCIZrI + lR~lZCl) “

(36)

Equations (33) to (36) are the conditions
for good input match and isolation. The
port 1 to port 4 is

JR. + RCa 201
—

l+a g

to be satisfied
coupling from

4 IRCRTI(ZC,- ZT,)2—
(IRCIZZ1 + IR71ZC1)(IRCIZC,+ IRJZ=l) “

(37)
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